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Abstract
A new viscoelastic-plastic (VEP) constitutive model for sea ice dynamics was developed based on continuum mechanics. This model

consists of four components: Kelvin-Vogit viscoelastic model, Mohr-Coulomb yielding criterion, associated normality flow rule for

plastic rehololgy, and hydrostatic pressure. The numerical simulations for ice motion in an idealized rectangular basin were made using

smoothed particle hydrodynamics (SPH) method, and compared with the analytical solution as well as those based on the modified vis-

cous plastic(VP) model and static ice jam theory. These simulations show that the new VEP model can simulate ice dynamics accu-

rately. The new constitutive model was further applied to simulate ice dynamics of the Bohai Sea and compared with the traditional

VP, and modified VP models. The results of the VEP model are compared better with the satellite remote images, and the simulated ice

conditions in the JZ20-2 oil platform area were more reasonable.
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1 Introduction

The motion equation of ice dynamics includes ex-

ternal forces, such as wind and current drags, Coriolis

force, gravitational force due to surface gradient force,

and the internal ice resistance, which is related to the

state of ice field. In a continuum ice dynamics model,

it is essential to have a constitutive law. The existing

constitutive models for sea ice dynamics mainly in-

clude the viscous plastic (VP) model (Hibler, 1979),

the elastic plastic (EP) model (Coon et al., 1974;

Pritchard, 1975), the viscous elastic plastic model cou-

pled with granular flow dynamics (Shen et al., 1987;

Hopkins, 1996), and the anisotropic models (Hibler,

2001; Coon et al., 1998; Pritchard, 1998). The VP

model has been applied most widely in the polar areas

at large temporal- spatial scale, and the Baltic Sea and

Bohai Sea at the meso-scale (Lepparanta and Hibler,

1985; Wu et al., 1998; Zhang, 2000). Different modifi-

cations on the VP model have been attempted either

for the computational efficiency or for the physical

process (Hibler and Schulson, 2000; Flato and Hibler,

1992; Hunke and Dukawicz, 1997; Shen et al., 1990;

Ip et al., 1991).

In this paper, a visoelastic-plastic (VEP) model

for sea ice dynamics is developed. In this model, the

viscous-elastic behavior under small strain and strain

rate, the plastic rehology under large strain, the Mohr-

Coulomb yielding criterion, and the hydrostatic pres-

sure are considered. Like other VP and EP models,

this model also assumes the ice as a two-dimensional

isotropic continuum.

To check the validity of the VEP model, the ice

ridging process in a rectangular basin and the sea ice* Corresponding author, E-mail: jisy@dlut.edu.cn
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dynamics of the Bohai Sea are simulated. A gridless

numerical model using the smoothed particle hydrody-

namics (SPH) (Shen et al., 2000; Wang, 2000) is

adopted. With its obvious advantage of high precision

and numerical diffusion avoided, the SPH method has

been applied widely in river and sea ice dynamics in

the past decade.

2 Viscoelastic plastic constitutive model

for sea ice dynamics

Similar to many constitutive models for ice dy-

namics, the present model includes a viscoelastic mod-

el, a Mohr-Coulomb yielding criterion and a associat-

ed normality plastic flow rule. In addition, the hydro-

static pressure depending on the ice thickness is con-

sidered.

2.1 Elastic and viscous behavior

Here we use the Kelvin-Vogit model to simulate

the ice viscoelastic behavior. Coupling with the plastic

rheology, the viscoelastic-plastic model is depicted in

Fig.1. The spring, dashpot, and sliding blocks repre-

sent the elastic, viscous and plastic properties of sea

ice, respectively.

Fig. 1. Viscoelastic-plastic model for sea ice dynamics.

Considering the hydrostatic pressure, the stress-

strain relationship of viscoelastic model can be written

as

σij=2ηvεij+(ζv-ηv)εkkδij+2Gεij+(K-G)εkkδij-Prδi j   , (1)

where ζv and ηv are the bulk and shear viscosities; Pr is

the horizontal hydrostatic pressure; K and G are the

bulk and shear elastic modulus with

(2)

in which E is the Young's modulus; and v is the Pois-

son's ratio.

The elastic modulus of ice cover is affected by ice

concentration, based on the concept similar to the for-

mulae of ice strength (Hibler, 1979; Shen et al., 1990).

The relationship can be expressed as

E=E0(N/Nmax)
j or E=E0e

-C(1-N), (3)

where C and j are the empirical constants, normally C=

20 and j=15; N is the ice concentration; Nmax is its max-

imum value (Shen et al., 1990; Wang, 2000); and E0 is

Young's modulus. The ice viscosities have the similar

relationship with concentration.

2.2 Mohr-Coulomb yielding criterion

The Mohr-Coulomb friction law has been intro-

duced into ice dynamics (Shen et al., 1990; Ip et al.,

1991), and it can be written as

f(σ1 ,σ2)=σ1-σ2+(σ1+σ2)sinφ-2ccosφ=0, (4)

where c is the cohesion; φ is the ice friction angle; σ1

and σ2 are the principle stresses.

The Mohr-Coulomb yield surface is a hexagonal

cone in 3-D principle stress space, shown in Fig. 2.

Fig. 2. Mohr-Coulomb yielding criterion.
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Generally, when the hydrostatic pressure is non-zero,

the principle stress in the z direction σ3=-P0 in which

P0 is the the mean pressure in the vertical direction, a

hexagonal curve can be truncated from the hexagonal

cone, as shown in Fig. 2b. This yielding function is de-

termined by three parameters, namely, frictional angle,

cohesion and hydrostatic pressure. In the EP and VP

models, it was set as P0=0 and c=0 respectively (Coon

et al., 1998; Ip et al., 1991). The friction angle(φ) may

vary with ice conditions. Shen et al. (1990) and Coon

et al. (1998) adopted 46° and 52° in river and sea ice

simulations. In this paper, we use c=0 and φ=46°, and

consider the hydrostatic pressure as well.

The Mohr-Coulomb yield curve is constructed

with three couple lines, i.e. shear, compressive and

tensile surfaces, and can be written as

(5)

(6)

(7)

where Kd=tan2 (π/4-φ/2) and Kc=tan2 (π/4+φ/2).

2.3 Associated normal flow rule

When the ice enters the plastic state under large

deformation, the principle stress will be on the yield

curve. The total deformation includes two portions: e-

lastic strain and plastic strain. Its incremental form can

be written as

dεij=dεij

e+dεij

P, (8)

where dεij

e and dεij

P are the increments of elastic and

plastic strains. The basic plastic constitutive equation

in incremental form are written as

dσij=Del(dεij-dεij

P) (9)

where Del is the elastic modulus matrix.

When the material is in the elastic state, we have

dεP=0, and in plastic state, the plastic strain can be de-

termined with Drucker's postulate. Here, the associat-

ed normal flow rule is adopted. In this way, the Mohr-

Coulomb yield function is used as the plastic potential

function, and the direction of plastic strain rate is nor-

mal to the yield curve.

According to the Drucker's postulate and its ex-

tensions, the plastic stretching is assumed to be orthog-

onal to the plastic potential function Ψ, and the plastic

strain rate must be directed along the outward normal

of Ψ. We may express the normality rule as

(10)

where dλ is the plastic multiplier, which can be

determined through the consistency condition; Ψ is the

plastic potential function, which is set as the yield

curve f(σij)in this paper. In the sea ice dynamics, the

previous EP (Coon et al., 1974) and VP (Hibler, 1979)

models allow non-associated and associated flow

rules, respectively.

2.4 Hydrostatic pressure in ice dynamics

In a floating ice field, with gravity and buoyancy,

the mean stress in the vertical direction can be calcu-

lated as

(11)

where ρi and ρw are the densities of ice and water;

ti=t1+t2, is the ice thickness, where t1 and t2 are the ice

thickness above and under the water surface (Fig. 3).

Fig. 3. Hydrostatic pressure in the ice field.

Considering the influence of ice concentration,

the mean vertical hydrostatic pressure can be written

as (Shen et al., 1990)

(12)

The horizontal hydrostatic pressure can be calcu-

lated as

Pr=K0P0, (13)

where K0 is the transfer coefficient, which can be de
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termined with experiments. In a broken ice field with-

out cohesion, we have K0=1-sinφ.

3 Numerical simulation of ice ridging in a

rectangular basin

Numerical simulation using the present constitu-

tive model is carried out for ice ridging in a rectangu-

lar basin. The numerical model is based on the gridless

SPH model of Shen et al. (2000). The simulated result

is compared with the analytical solution of steady state

ridging profile (Pariset et al., 1966).

3.1 Analytical solution of ice ridging

For a rectangular basin with length L and width B

covered by uniform layer of ice with initial ice thick-

ness ti0 and concentration N0 (Fig. 4), with constant

wind and current drags, the ice cover will pile up at

downstream end. The internal ice resistance increases

with the ice thickness to balance the wind and current

drag forces.

Fig. 4. Definition sketch of ice ridging case.

The momentum equation for ice motion can be

written as

(14)

where M is the ice mass per unit area; Vi is the ice ve-

locity vector; τa and τW are the air and water drag

stresses;/is the Coriolis paramter; g is the gravitation-

al acceleration;   ξ   w is the ice surface gradient. The air

and water drags can be calculated as

(15)

where Ca and Cw are the wind and current drag coeffi-

cients.

At the ice steady ridging state, we have the condi-

tion: ice velocity Vi=0, strain rate εij=0, and ice con-

centration N=Nmax. Ignoring the gravitational gradient,

the ice thickness distribution of static ridge will be an-

layzed with the traditional VP model, modified VP

model and VEP model, respectively.

3.1.1 Analytical solution without bank friction

Without bank friction, the 1-D steady state form

of Eq. (14) gives

(16)

where Va is the wind velocity; and V w is the current ve-

locity. The steady ice ridge thickness profile depends

on the stress σxx which can be determined with differ-

ent constitutive models.

In the traditional viscoplastic model of Hiber

(1979), the ice stress equals the pressure term at the

steady state, which can be described by

(17)

Substituting Eq. (17) into Eq. (16), the ice thickness

profile can be obtained:

(18)

where ti0 is the ice thickness at ice edge. In the tradi-

tional VP model, the pressure term is independent of

ice thickness. Recently, it was improved to P*=Cti con-

sidering the ice thickness influence, where C is a con-

stant value (Hibler and Hutchings, 2002) and the P* is

the ice strength in VP model.

In the modified VP model, the pressure term is a

linear function of ice thickness (Shen et al., 1990). The

ice stress under a convergent state can be written as

(Lu and Shen, 1998)

(19)

Substituting Eq.(19) into Eq. (16), the ice thickness

profile can be calculated by

(20)
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For the VEP model, the ice at the edge will not

yield, and keeps its thickness. The length of elastic

block is dominated by wind stress and compressive

strength, and it can be calculated as

(21)

where xe is the length of elastic ice block.

When the ice cover is in the plastic range, the ice

stress in x direction can be calculated with Eq. (19),

and the ice thickness profile is given by Eq. (20).

3.1.2 A nalpical solution with bank friction

When considering the bank friction, the steady

ice ridge thickness profile can be obtained from the

classical static ice jam theory, which simplifies the

problem by averaging the stress in the y direction

(Pariset and Hausser, 1966). The stress in x direction is

calculated with the plastic limit analytical theory based

on the Mohr-Coulomb criterion. The ice ridging

height can be calculated as

(22)

If adopting the VEP model, the length of this e-

lastic zone at the ice edge can be determined as

(23)

In the ice ridging, the ice stress lies on the com-

pressive (convergent) yield surface of Mohr-Coulomb

criterion. It is consistent with the classical jam theory.

Therefore, the ice ridging profile can also be deter-

mined with Eq. (22).

In this ice ridging case, the ice volume remains

constant, and the ridging length can be determined ac-

cording to the thickness profile function. Using the tra-

ditional VP model, modified VP model and VEP mod-

el, the ice ridging thickness profiles at the steady state

are plotted in Fig. 5, and the model parameters are list-

ed in Table 1.

Fig. 5. Analytical solutions of ice thickness profile with

different constitutive models.

Table 1. Parameters used in the ice ridging simulation

Notes: N0 is the initial ice concentration, ξ0 is the bulk viscosi-

ty, η0 is the shear viscosity, ΔS is the initial parcel size and Δt is the

time step length.

From the analytical solutions, we can find the ice

profiles (ridge length, shape, and thickness) analyzed

with the VEP model, modified VP model and ice jam

theory are very close, in which the ice thickness profile

is the quadratic function. It is quite different with the

linear function of the traditional VP model.

Moreover, another obvious difference between

the VEP model and others is the elastic portion with

initial thickness at the upstream ice edge, even it is not

so large to affect the ridging profile. The bank friction

has an obvious influence on ice the ridging thickness.
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3.2 Numerical simulation of ice ridging process

The ice ridging process in a regular basin is simu-

lated with the VEP model. The model parameters in

the simulation are listed in Table 1. Considering bank

friction, the mean thickness and its contour are plotted

in Figs 6 and 7. Under the given wind and current con-

dition, the thickness profile approaches steady state af-

ter 2 h. The ice thickness near the bank is thinner than

that along the center of the channel. The width-aver-

aged ice thickness is consistent with the analytical so-

lution.

Fig. 6. Width-averaged ice thickness simulated and

analytical solution considering bank friction.

The steady state shear and normal stresses in the

x direction are presented in Fig. 8. It can be seen that

the shear stress is higher at the bank boundary, ap-

proaches zero at the middle basin, and is symmetric

with the centerline. The normal stress in the % direc-

tion is proportional to the ice thickness.

4 Simulation of Bohai Sea sea ice

To examine the validity of VEP model, we simu-

late the sea ice dynamics of Bohai Sea, and compare

its results with those of the traditional VP model (Hi-

bler, 1979) and modified VP model (Shen et al.,

1990).

4.1 Input data

In the simulation of Bohai Sea sea ice dynamics,

the input data includes the initial ice field, wind and

current conditions. The initial ice thickness and con-

centration are estimated from the NOAA satellite im-

ages. The satellite image and the initial ice thickness

(14:13, January 21, 1998) are shown in Fig. 9. In the

following 48 h simulation, the input wind field can be

determined with an operational atmospheric model

(Wang, 2000). The tidal current is simulated with a

2-D shallow water equation solved by the ADI finite

difference method (Zhang, 2000). In the ice dynamics

simulation, the SPH method is adopted (Wang, 2000).

The major parameters are listed in Table 1, and some

modified parameters according to Bohai Sea sea ice

conditions are listed in Table 2.

Table 2. Some parameters used in the sea ice dynamics

simulation of the Bohai Sea

Notes: ξmax is the maximum bulk viscosity.

4.2 Simulated results of ice field

With the traditional VP, modified VP and VEP

models, the simulated ice thickness, concentration, ve-

locity and principle stress in 24 and 48 h are plotted in

Figs 10~12. Under the strong tidal current action, the

ice velocities simulated with different models are very

close. From the ice principle stress, the results of the

VEP model and modified VP model are similar, for

their stresses are both dependent on the ice thickness.

In this simulation of the traditional VP model, the

pressure term P*=5 kN/m2. Even it is much smaller

than that used in the polar areas, the stress calculated

is still far higher than that of the VEP model and modi-

fied VP model.

From the comparison between the satellite remote

image and the simulated ice thickness distribution (see

Fig. 13), we can find that the simulated results of the
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Fig. 7. Ice thickness contour simulated with the VEP model.

Fig. 8. Distribution of shear stress and normal

stress in the x direction.

Fig. 9. Satellite remote-sensing image and initial ice
thickness distribution (14:13, January 21, 1998).

Fig. 10. Ice thickness, concentration, velocity and prin-

ciple stress simulated with the traditional VP model.
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Fig. 11. Ice thickness, concentration, velocity and principle stress simulated with the modified VP model.

Fig. 12. Ice thickness, concentration, velocity and principle stress simulated with the VEP model.
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Fig. 13. Satellite remote image and ice thickness contours at 24 and 48 h simulated with the traditional VP,

modified VP and VEP models.

three models above are all consistent with the real ice

conditions. The result of modified VP model has two

characteristics of the traditional VP model and VEP

model. The one is the ice ridging in east area by the

traditional VP model, and the other is the heavy thick-

ness distribution in the low middle area by the VEP

model. The main reason is the modified VP model has

the same elliptical yield curve as the traditional VP

model, and also has the similar ice strength as the VEP

model. The ice edge simulated with the VEP model is

more accurate than others.

4.3 Simulated results at JZ20-2 area

At the JZ20 -2 Oil/Gas Field of the Liaodong

Gulf, the ice conditions, such as the ice thickness, ve-

locity, stress and convergence, etc., are interpolated

from its neighbor ice parcels with Gaussian function

(see Figs 14~18). The ice thickness simulated with the

VEP and modified VP models is more similar than that

of the traditional VP model (Fig. 14). The ice veloci-

ties with the three models are very close as the ice

drifting is mainly controlled by the tidal current (Fig.
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15). The divergences of ice velocity simulated with the

VEP model and the modified VP model fluctuate with

the tidal current regularly, but those of the traditional

VP model has a strong random fluctuation (Fig. 16).

The similar phenomena appear in the stresses (Fig.

17). The stress magnitudes simulated with the VEP

model and the modified VP model are very close, and

they are much lower than those of the traditional VP

model obviously. If we reduce the pressure term P* of

the traditional VP model from 5.0 to 1.0 kN/m2, the

regular fluctuation of ice stress and velocity diver-

gence can also be obtained. From the principle stress

of the three models (Fig. 18), we can find that the ice

cover shows to be plastic behaviors no matter which

model is applied.

Fig. 14. Ice thickness simulated in 48 h in the JZ20-2 area.

Fig. 15. Ice velocity simulated in 48 h in the JZ20-2 area.

Fig. 16. Velocity divergence simulated

in 48 h in the JZ20-2 area.

Fig. 17. Stresses of sea ice simulated

in 48 h in the JZ20-2 area.

Fig. 18. Principle stress state of sea ice simulated in the JZ20-2 area.
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5 Conclusions

A comprehensive viscoelastic-plastic (VEP) con-

stitutive model was presented to improve the precision

of sea ice dynamics simulation at the meso-small

scale. In this VEP model, the viscoelastic behavior be-

fore yielding, plastic rehology beyond yielding of ice

cover are both considered. The Mohr-Coulomb yield-

ing criterion, the associated normality plastic flow rule

and the hydrostatic pressure in the ice jam theory are

all adopted. With this VEP model, the ice ridging pro-

cess in a rectangle basin was simulated validly. The

simulated ice thickness profile at a steady state is a-

greeable with the analytical solutions of the modified

VP model (Shen et al., 1990) and the classical ice jam

theory (Pariset et al., 1966). Moreover the ice dynam-

ics of the Bohai Sea was simulated in 48 h with the

VEP model, the traditional VP model and the modified

VP model, respectively. From the comparison of the

simulated ice thickness with the satellite remote im-

ages, it is found that the present VEP model can simu-

late the ice edge and the ice thickness distribution

more accurately. The stability of the VEP model was

also verified with the simulated ice parameters in the

JZ20-2 area. In the VEP model, some parameters,

such as the viscosity, the elastic modulus, the cohe-

sion, etc., should be adjusted under different ice condi-

tions.
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